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Abstract
In this paper, we will show that the structure of the critical group of the graph Km × Pn is Z/tZ ⊕
(Z/mtZ)m−2, where t = 1√
m2+4m |x
n
1 − xn2 |, where x1 and x2 are the two roots of the quadratic x2 −
(m + 2)x + 1 = 0.
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1. Introduction
LetG = (V ,E)be a finite connected graph without self-loops, but with multiple edges allowed.
Then the Laplacian matrix of G is the |V | × |V | matrix defined by
L(G)uv =
{
d(u), if u = v,
−auv, if u /= v,
where auv is the number of the edges joining u and v, and d(u) is the degree of u. Let C0(G,Z)
denote the abelian group of integral-valued functions defined on V . Regarding L(G) as a homo-
morphism C0(G,Z) → C0(G,Z), its cokernel has the form
C0(G,Z)/im(L(G)) ∼= Z ⊕ Z|V |−1/im(L(G)q), (1)
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where L(G)q is the matrix obtained from L(G) by removing the row and column corresponding
to vertex q, and im(·) refers to the integer span of the columns of the argument. The critical group
of G is defined to be Z|V |−1/im(L(G)q). It is not difficult to see that this definition is independent
of the choice of q, so we can denote Z|V |−1/im(L(G)q) by K(G). The chosen vertex q is called
the root of G. For the general theory of the critical group, we refer the reader to Biggs [2,3],
Godsil [9, Chapter 13], Cori et al. [5,6], Dartois et al. [8], and Bacher et al. [1].
The critical group K(G) is a finite abelian group, whose order is the determinant of L(G)q . By
the well known Kirchhoff’s Matrix-Tree Theorem [9, Theorem 13.2.1], this equals the number
κ of spanning trees of G. The critical group K(G) also known as the Picard group and the
Jacobian group in [1–3], while in the physics literature it is known as the abelian sandpile group,
and has a close connection with the critical configuration in a certain dollar game on G, see
[3,9].
Compared to the number of the results on the spanning tree number κ , there are relatively few
results describing the critical group structure of K(G) in terms of the structure of G. Recently,
there are some families of graphs for which the critical group structure has been completely
determined: wheel graphs [3]; cycles [13]; complete graphs and complete bipartite graphs [12];
complete multipartite graphs and cartesian products of complete graphs [11]; a subclass of the
threshold graphs [4]; the Möbius ladder [7]; the lattice graphs Pn × P3, the ladder graphs P2 × Cn,
the square cycle graphs C2n [10, and the references therein].
The abelian groupK(G) is determined by the generatorsx1, . . . , x|V |−1 and relationL(G)qX =
0, where xi = (0, . . . , 0, 1, 0, . . . , 0) ∈ Z|V |−1, whose unique nonzero 1 is in position i, and
X = (x1, . . . , x|V |−1)t . Note that the same symbol xi denotes both an element of the group K(G)
and a basis element of the free abelian group Z|V |−1.
The classification theorem for finite abelian groups asserts that K(G) has a direct sum decom-
position
K(G) = (Z/t1Z) ⊕ (Z/t2Z) ⊕ · · · ⊕ (Z/t|V |−1Z),
where the nonnegative integers ti are called the invariant factors of K(G), they are the diagonal
entries of the Smith normal form of the relations matrix L(G)q , who satisfy that ti divides
ti+1, (1  i < |V | − 1). Since |K(G)| = κ , the spanning tree number of G, it follows that
t1t2 · · · t|V |−1 = κ . So the invariant factors of K(G) can be used to distinguish pairs of non-
isomorphic graphs which have the same κ , and so there is considerable interest in their properties.
If G is a simple connected graph, the invariant factor t1 of K(G) must be equal to 1, however
most of them are not easy to be determined.
Given two disjoint graphsG1(V1, E1) andG2(V2, E2), the Cartesian product of them is denoted
by G1 × G2. It has vertex set V1 × V2 = {(ui, vj )|ui ∈ V1, vj ∈ V2}, where (u1, v1) is adjacent
to (u2, v2) if and only if u1 = u2 and (v1, v2) ∈ E2, or (u1, u2) ∈ E1 and v1 = v2. One may view
G1 × G2 as the graph obtained from G2 by replacing each of its vertices with a copy of G1, and
each of its edges with |V1| edges joining corresponding vertices of G1 in the two copies.
The aim of this paper is to describe the structure of the critical group on Km × Pn, where Km
is the complete graph on m vertices and Pn is the path on n vertices. From the definition of the
Cartesian product of two graphs, it is easy to see that there are n layers of Km × Pn, each of
which is a copy of Km. For i = 1, . . . , n, j = 1, . . . , m, let vij denote the j th vertex in the ith
layer of Km × Pn, then vertex v1j is adjacent to v2j and the vertices v1k , 1  k  m, k /= j ; vertex
vij (2  i  n − 1) is adjacent to vi−1j , vi+1j and the vertices vik , 1  k  m, k /= j ; vertex vnj is
adjacent to vn−1j and the vertices vnk , 1  k  m, k /= j (see Fig. 1).
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Fig. 1. Graph of Km × Pn.
2. Main results
In order to obtain the critical group of graph G, it is sufficient to compute the Smith normal
form of the reduced Laplacian matrix L(G)q .
Now we work on the system of relations of the critical group of Km × Pn. Here we choose
the vertex v1m as the root. As above, let xij = (0, . . . , 0, 1, 0, . . . , 0) ∈ Zmn−1, whose unique
nonzero 1 is in the position corresponding to vertex vij . If we let x1m be the zero vector in Zmn−1,
corresponding to vertex v1m, then it follows from the relations of K(Km × Pn) that we can get the
system of equations:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
mx1k −
m∑
j = 1
j /= k
x1j − x2k = 0, 1  k  m − 1,
(m + 1)xl−1k −
m∑
j = 1
j /= k
xl−1j − xl−2k − xlk = 0, 1  k  m, 3  l  n,
mxnk −
m∑
j = 1
j /= k
xnj − xn−1k = 0, 1  k  m.
(2)
Consider the sum of the two sides of all the equations in (2), then we get
x11 + x12 + · · · + x1m−1 + x2m = 0. (3)
So the equations in (2) and (3) imply that⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
x2k = mx1k −
m∑
j = 1
j /= k
x1j , 1  k  m,
xlk = (m + 1)xl−1k −
m∑
j = 1
j /= k
xl−1j − xl−2k , 1  k  m, 3  l  n.
(4)
Lemma 2.1. For l = 2, 3, . . . , n,∑mk=1 xlk = ∑mk=1 x1k .
Proof. The proof proceeds by induction on l.
(1) If l = 2, then it follows from the equations in (4) that
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m∑
k=1
x2k =
m∑
k=1
⎛
⎝(m + 1)x1k − m∑
j=1
x1j
⎞
⎠
= (m + 1)
m∑
k=1
x1k − m
m∑
k=1
x1k
=
m∑
k=1
x1k .
(2) Suppose that for all l  h (h  2), there exist ∑mk=1 xlk = ∑mk=1 x1k . Then from the equa-
tions in (4) and the induction assumption it follows that for l = h + 1, we have
m∑
k=1
xh+1k =
m∑
k=1
⎛
⎝(m + 2)xhk − m∑
j=1
xhj − xh−1k
⎞
⎠
= (m + 2)
m∑
k=1
xhk − m
m∑
k=1
xhk −
m∑
k=1
xh−1k
= (m + 2)
m∑
k=1
x1k − m
m∑
k=1
x1k −
m∑
k=1
x1j
=
m∑
k=1
x1k .
Hence all the equalities in this Lemma hold. 
Lemma 2.2. There are two sequences of real numbers (ai)i1 and (bi)i1, such that
xlk = alx1k + bl
⎛
⎜⎜⎜⎝
m∑
j = 1
j /= k
x1j
⎞
⎟⎟⎟⎠ , l = 1, . . . , n; k = 1, . . . , m. (5)
Moreover, the numbers in sequences (ai)i1 and (bi)i1 have recurrence relations and initial
conditions as follows⎧⎪⎪⎨
⎪⎪⎩
al = (m + 2)al−1 − al−2 − 1, (l  3),
bl = (m + 2)bl−1 − bl−2 − 1, (l  3),
a1 = 1, a2 = m,
b1 = 0, b2 = −1.
(6)
Proof. The Lemma is valid in cases l = 1, 2. Suppose that xlk = alx1k + bl
(∑m
j = 1
j /= k
x1j
)
, for l 
h − 1, where h  3. Then from the induction assumption and Eq. (4), it follows that
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xhk =(m + 2)xh−1k −
m∑
j=1
xh−1j − xh−2k
=(m + 2)
⎛
⎜⎜⎜⎝ah−1x1k + bh−1
⎛
⎜⎜⎜⎝
m∑
j = 1
j /= k
x1j
⎞
⎟⎟⎟⎠
⎞
⎟⎟⎟⎠−
m∑
j=1
x1j −
⎛
⎜⎜⎜⎝al−2x1k + bl−2
⎛
⎜⎜⎜⎝
m∑
j = 1
j /= k
x1j
⎞
⎟⎟⎟⎠
⎞
⎟⎟⎟⎠
=((m + 2)ah−1 − ah−2 − 1)x1k + ((m + 2)bh−1 − 1 − bh−2)
⎛
⎜⎜⎜⎝
m∑
j = 1
j /= k
x1j
⎞
⎟⎟⎟⎠
=ahx1k + bh
⎛
⎜⎜⎜⎜⎜⎝
m∑
j = 1
j /= k
x1j
⎞
⎟⎟⎟⎟⎟⎠ .
Thus (5) holds by induction.
From the process of induction just now, it is easy to see that{
al = (m + 2)al−1 − al−2 − 1,
bl = (m + 2)bl−1 − bl−2 − 1, l  3. (7)
Clearly, a1 = 1, b1 = 0; a2 = m, b2 = −1 are the initial values. 
If we let Al = al+1 − al and Bl = bl+1 − bl , for l  1. Then it is not hard to see that{
Al = (m + 2)Al−1 − Al−2, l  3,
A1 = m − 1, A2 = (m + 2)(m − 1),
and {
Bl = (m + 2)Bl−1 − Bl−2, l  3,
B1 = −1, B2 = −(m + 2).
Since A1 = −(m − 1)B1, A2 = −(m − 1)B2, then it follows that
Al = −(m − 1)Bl (8)
for l  1. By a straightforward calculation, we obtain
Bl = −1√
m2 + 4m
⎛
⎝(m + 2 + √m2 + 4m
2
)l
−
(
m + 2 − √m2 + 4m
2
)l⎞⎠ (9)
for l  1.
From Lemma 2.2, the system of Eq. (2) has at most m − 1 generators. Indeed each xij can be
expressed in terms of x11 , x
1
2 , · · · , x1m−1. So we know that there are at least nm − m + 1 diagonal
entries of the Smith normal form of L(G)q are equal to 1 and the remaining invariant factors of
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the abelian group K(Km × Pn) are the diagonal entries of the Smith normal form of the relations
matrix induced by x11 , x
1
2 , . . . , x
1
m−1.
From the rows of LqX = 0 corresponding to vertices in the last layer of Km × Pn, we have
(m + 1)xnk =
m∑
j=1
xnj + xn−1k for k = 1, . . . , m.
Hence by Lemma 2.2, for k = 1, . . . , m, we have
(m + 1)
⎛
⎜⎜⎜⎝anx1k + bn
m∑
j = 1
j /= k
x1j
⎞
⎟⎟⎟⎠ =
m∑
j=1
x1j +
⎛
⎜⎜⎜⎝an−1x1k + bn−1
m∑
j = 1
j /= k
x1j
⎞
⎟⎟⎟⎠ .
It implies that for k = 1, . . . , m,
((m + 1)an − an−1 − 1)x1k + ((m + 1)bn − bn−1 − 1)
m∑
j = 1
j /= k
x1j = 0.
Recall the recurrence relations in (6), we have
(an+1 − an)x1k + (bn+1 − bn)
m−1∑
j = 1
j /= k
x1j = 0, (10)
for k = 1, . . . , m. Hence we get the relations matrix induced by the generators x11 , x12 , · · · , x1m−1
as follows:
B =
⎛
⎜⎜⎜⎝
an+1 − an bn+1 − bn · · · bn+1 − bn
bn+1 − bn an+1 − an · · · bn+1 − bn
...
...
.
.
.
...
bn+1 − bn bn+1 − bn · · · an+1 − an
⎞
⎟⎟⎟⎠
(8)= −Bn
⎛
⎜⎜⎜⎝
m − 1 −1 · · · −1
−1 m − 1 · · · −1
...
...
.
.
.
...
−1 −1 · · · m − 1
⎞
⎟⎟⎟⎠ ∈ M(m−1)×(m−1). (11)
By the following Lemma 2.3, it is easy to see that the Smith normal form of B is
diag(−Bn,−mBn, . . . ,−mBn) ∈ M(m−1)×(m−1).
Lemma 2.3 [4, Lemma 12]. The Smith normal form of the integral matrix (d + 1)I − J is
diag
⎛
⎝1, d + 1, . . . , d + 1︸ ︷︷ ︸
n−2 times
, (d − n + 1)(d + 1)
⎞
⎠ , where I is the identity matrix of order n, and
J is the n × n matrix with every entry equal to 1.
Thus, we get the result of this article as follows.
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Theorem 2.4. The critical group of the graph Km × Pn is Z/tZ ⊕ (Z/mtZ)m−2, where t =
1√
m2+4m |x
n
1 − xn2 |, with x1 and x2 are the two roots of the quadratic x2 − (m + 2)x + 1 = 0:
x1 = m+2+
√
m2+4m
2 , x2 = m+2−
√
m2+4m
2 .
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